
①
The Eisenstein ideal of weight k
and ranks of Hecke algebras

Leo p>3 be a prime
,
I be a prime s.io . Pll-1

and k>2 be an even integer

Mkll, Zip / = Space of modular forms
of wt k

,
level Poll) with

Fourier coetf . in Zp .

C- Xp Eq☐

€enp. principle

Snell, Zp) = Subspace of Mull,Zp) consisting
of cusp forms c- Zp GETS

4-
qesep

.

EI → 1) Let k >2%nd assume Cp-1) ✗ k
•Then

Eucq) = Eyes + E 6mi In) 9in
n=1

C- Mull, Xp )
6h -1cm) = Edk -1

dln

Eucql) c- Mull, Xp)



②
2) for k=2

Ercall = Ig + Each)qnn=1

Then Ezcq) - l Ezcqd ) C- Mall, Xp)

a

3) D= Etch) qn C- Shell, Xp)
n=, T

Ramanujan 's tale fn .

for every prime l
'

-1-1
,
we have

a Hecke operator Td →Mull, Xp)

and the action also stabilizes sull, -4s)

⇒ Te
' C- Sull , Zp)

There is also Atkin- Lehner involution
we A Mull , Zip > , such Xp

)

•

If f- = Sangin c- Mull
, Zp)

n:O

Tif = I anéqn + e' h
-' Ian qne

'

n=O n=O



③
for all prime e

'

ite, we Te
' = Te ' We

and for all primes I
'

,
l
' '

, Te
' Te " = Te" Te '

Let I = Zip - subalg . Of Endzp (Mk flip) )
gon . by Te ' for all primes e'all
and we .

-10 = Quotient of Tt which acts
faithfully on Sall, Zip)

f- C- Mu (d) Zp) then f is called an eigonform
if it is an eigenvector for all
Tei 's and We

EI → If k >2 even , and fp-1) ✗ k

Then Encq) - Ih"Eklql) c- Mull, Zp)

is an eigen form with

Te' - eigenvalue = I +G)
k-1

we - eigenvalue = -1

Ieis = Ideal of Tt gon . by the set

{Te ' - 11+(146-1) / life prime}

UL We -116 = Eisenstein ideal ofwtk



⑧
i. e. 01 : I → Zip

Te ' tf Te
'
- Eigenvalue of Eu -A"¥cqy

we t, -1

then do is a ring horn and Kerr = Ieis

I/zeis = Xp

Let m = make ideal of Tt gon . by
P and Ieis

Congruencesofeigenforms →

Suppose 0 is a ring of ins . of a

finite exon of ☒p and fest be
the

wnif. of 0

Let f- c- Mull, O) be an eigenfcrm

Then we say that f E Eu Mod (p)

if Te ' eigenvalue off I Te ' eigenvalue Lmod-14
of Eu

primes life

If f- is normalized i. e. fcq)=qtEanq"
n=2

then C- I En mod IP)

(=) an/f) I anc Eu) Mod P for all ltn



⑤
ReformulatiminfermsofGaloisvepn-

Delignegfichtershimwra →
3 a continues, odd, irred . repn

Pf : Gox
,pe → GLZCO) for primes

←
- e'=/e. p

5.t.fr (Pfc Grobe ' ) ) = Te ' - eigenvalue off
det (Pfl = XP

p-adic Cyd . Char'

Let SI : Gape→ Glzco) ÉGGl F)
g-

Then f E Eu (Mod P ) fin enb
"

of Flp

⇐) PISS = I④ Wpk-1
9-

Wp
Mod P cyclo .

-char-_

Fact → 3 a p-ordinary eigohform f- C-Sull,
Cfor some 0) , with we eigenvalue -1

Sit . f I Eu (Mod P)

(P- ordinary means Tp - eigenvalue off is
a p-adic unit)

- h = 2 Due to Mazur

- k >2 Bilbrey -Memoires, Wake



⑥
⇒ The image of

, ,m in -10 is a maximal ideas
of 1-° Which wedenote

(p, Ieis) by m° .

Let Im= completion of TL at m

Iom = completion of -1° at mo

Fact ⇒ Nankzp ( Iom) § I

Qn_ → what can be said about

Nankzcp ( Isn ) E.

( i. e- how many cusp forms of wth and level

Toll) are congruent to Eu mod p E.)

for h=2 This was asked by Mazur

History → k "

Analytic side
"

ThmCMere rank xp ( Ini) > I

⇐ The image of ¥1 ii in⇐a) ✗
5=1

is a p - th power .
(some results
for p=z, 3)

Le couturier has generalized this to give
similar equiv. for rank 72



⑦
"

Algebraic side
"

ThmCCa1egari-Emerton)_ →

If P - port of class group
of ☒ It "P)

is cyclic then Imo _~ Zp

(+ some results p=2,3)

Let 90 be a gon
of Inertia at p

I

Kerch 'CG☒,pe , 1) → H' ( Ip, D)

co be a gem of

her (n'(Gape,Wpt) → H'CIP>Wp
-1) )

⇒ Co Vao C- H2(Gospel, Wp
- 1)

9-

Cup prod.

Ko = Composition of Qlcsp) and unique
deg . p eat

" of ☒ contained in Ouse)

thmlwake-wang-Ericks.cn# 0
. TFAE

1) Imo -~ Zip
2) Co U ao 1=0
3) %Ef-pcwp-T.is cyclic .



⑧
Aim → can we get similar criteria for k72e .

Assure → ① (p-1) ✗ k

② ¥¥¥% ' [with] =o

③ dimqp ( H
'
ca qp, Wpk-41=1

If p is regular prime ⇒② and③ are
satisfied .

Choose gon .

Co E Ker C n'(Gape, Wp
'-4 → n'CIP,Wptty)

ao C- her CH
'
(Gape , 1) → H'CIP, 1) )

bo E H
" (Gox, p, Wpk

-1)

CoV b o C- MYGospel , 1),
CoV ao C-H4Ge☒,pe,Wp

'

-9

_hmCD→ If k>2, TFAE

① Init Zp

② co V90 =/ O, CoV bo -1-0



⑨

③ ¥÷¥[WP
""] is cyclic

and Res : Htcceop, wpk-Y-ghkao.ae,
-Wpk-4

is non-zero

⑧ ¥ ( 1- spiji
"-

E- Were)✗ is not a
F- I p - th power

and ¥ i Éi
"
) c-Crew ✗

is not
i=i a p - th power -

' '

proof
' '

②⇐③⑦⑧
"

standard "

SI : ① ⇐②

Gluing all Galois repns attached to cusp forms

which core congruent to Eu Mod P

and get 9 : Geoiype → Gets ( Imo)
56. ① deb CS) = Xp

"-1

② Archie) ) = z
' TH Grobe'1=Te ,

+
FIFI

, p

inertia ate



④
③ stoop # (Noi ¥,) where he is

ten tram

(ordinary at p)

?⃝=P (mod m°)= ( I *Wpa-1)
* corresponds
to co

⇒ } a Suri map ¢ : RF → Iom
+

the ring which
parametrizes
all tiffs of5

Satisfying the
& properties above.

Suppose Covbo 1=-0 ⇒ Ie" is principal

and dim (8am (Rias) ) ) El

⇒ Rs = Zp¥✗_I
dim@an(R%p,)) = I ⇐ 3- an ordinary lift

9- ! Gape → Gets (Fayez) of 5

s.io . g- = ( Ñi ¥2 ) with XT-1-1, Ñztwpkt



①
⇐ Cova0=0

01 : RJ → Ttm You can choose ✗

"

ZP¥✗É
" s- t - 441 = image of

ageis in Imo

:= I

Wafers 1 Imo/Ioeis I = put VPCK) v= Vpcl-1)

On the Other hand, I RJ/¢, / Ep
✓+ VPCK)

so Im°_~Zp ⇐ herCO) = (✗-pvtvpcus)

⇐ Imo I Zip _~Rj

⇒ Imo -~Zp⇐) Covao f-0 .


